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Problem 1
t
Fish enter a lake at a rate modeled by the function E given by E(t) = 20 + 15 sin (%) Fish leave the lake at
a rate modeled by the function L given by L(t) = 4 + 291" Both E(t) and L(t) are measured in fish per

hour, and ¢ is measured in hours since midnight (r = 0).

(a) How many fish enter the lake over the 5-hour period from midnight (f = 0) to 5 AM. (t = 5) ? Give your
answer to the nearest whole number.

(b) What is the average number of fish that leave the lake per hour over the 5-hour period from
midnight # =0)to 5 AM. (t=5) ?

(c) Atwhattime 7, for 0 < 7 < 8, is the greatest number of fish in the lake? Justify your answer.

(d) Is the rate of change in the number of fish in the lake increasing or decreasing at 5 AMm. (f = 5) ? Explain
your reasoning.

a)
5 5 Tt
[E@at =j20+15sin(zjdt ~278.192
0 0
The number of fish that enter the lake during the five-hour interval is approximately 278.
b)
17 17 :
—[L@ydr=_[4+2"" dt = 6.059
5-09 51

The average number of fish that leave the lake during the five-hour interval from midnight
till 5AM is approximately 6.059 fish/hour.

c)
Using the Closed Interval Method, we first find critical numbers by setting the two rates

equal to each other. No information is given about the original number of fish present in the
lake, so we will call this amount Q(0).

0(x)=0(0)+ [ E(t)— L(r)dt

0'(x) = E(x)— L(x) = 0 or undefined
L(t) = E(t) = t ~ 6.2035644 = m

O(m) = 0(0) + TE(t) — L(t)dt = 0(0) +268.326

0(8)= 0(0) + jE(z)— L(¢)dt = 0(0)+181.188
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t<m—>Q'(x)=E(x)—L(x)>0
t>m—Q0'(x)=E(x)-L(t)<0
.. O(m)— local(and global) max

sof
sof yd "
aof

20¢ N

20k .

Using the Closed Interval Method (or the First Derivative Test for Global Extrema), at
approximately 6.204 hours, the number of fish in the lake is the greatest.

d)
We compare E(5) versus L(5).

E(5) = 45.000 fish / hr
L(5)=9.657 fish/ hr

At 5AM, fish are entering the lake at a higher rate than they are leaving. Therefore, the

overall number of fish in the lake is increasing at 5AM.
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P

roblem 2

. Let S be the region bounded by the graph of the polar curve r(8) = 3+/@sin (62) for 0 £ 6 £ /&, as shown

in the figure above.

(a) Find the area of S.

(b) What is the average distance from the origin to a point on the polar curve r(6) = 3\/@sin (02) for
0 S 9 S \.’I; ‘7

(c) There is a line through the origin with positive slope m that divides the region § into two regions with
equal areas. Write, but do not solve, an equation involving one or more integrals whose solution gives the
value of m.

a)

HO)=0—6=0, O=+ln

A

b)

Jr-0 %

c)
1

1 Va 2
(S) = > [(r(0)) d6~3.534

0

| Vx

[ r(6)d6~1.580

\/; 1 O=arctan(m)

: [ (r®) d=2% [ (r®) a0

0 6=0
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d)

The circle gets larger as k approaches infinity. The corresponding angle of intersection
approaches pi/2, therefore:

lim A(k) = %T(r(e)f d6 ~3.324

0
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Problem 3

Graph of f

The continuous function f is defined on the closed interval —6 < x < 5. The figure above shows a portion of
the graph of f, consisting of two line segments and a quarter of a circle centered at the point (5, 3). It is

known that the point (3, 3 — \/§) is on the graph of f.

5 -2
(a) IfJ. 6f(x) dx =7, find the value ofJ‘ 6 f(x) dx. Show the work that leads to your answer.
5
(b) Evaluate L (2f"(x) +4) dx.

X
(c) The function g is given by g(x) = I 2f(t) dt. Find the absolute maximum value of g on the interval

—2 < x < 5. Justify your answer.

o 107 =3f(x)
(d) Find lim ———.
x—1 f(x) — arctan x

a)

].f(x)a'x: _[f(x)dx— jf(x)dx:

=7—[]).f(x)dx+j‘f(x)dx+j.f(x)dx+j.f(x)dx]:

* —
=7—(0+0+(3+Tl)1+(9—9—nj)=—4+9—ﬂ= o -16

4 4 4
b)

27 ) +4dy=2] f'(x)dx+ [4dx=2(1(5)- /(3))+8=
_ 2(0—(3—\/5))+8: 24245
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c)

We use the Closed Interval Method:

g)=[ f(0dt— g'(x)= f(x)=0

—>x=-1,x=05,x=5

g(=2)=0
g(-1)=0.500
*(—
2(0.5) = 0-5?(1) =-0250
g(5)=2+9- %Tﬂ = 44 ; o — Absolute Maximum.
d)

10°-3f'(x) 10-3*2 4 16
1 f(x)—arctan(x) T 44— 4-n1m
4 4
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Problem 4

-

e N

A cylindrical barrel with a diameter of 2 feet contains collected rainwater, as shown in the figure above. The

water drains out through a valve (not shown) at the bottom of the barrel. The rate of change of the height / of

dh
the water in the barrel with respect to time ¢ is modeled by m =— 0 h, where h is measured in feet and

t is measured in seconds. (The volume V of a cylinder with radius r and height 4 is V = 7rr2h.)

(a) Find the rate of change of the volume of water in the barrel with respect to time when the height of the
water is 4 feet. Indicate units of measure.

(b) When the height of the water is 3 feet, is the rate of change of the height of the water with respect to time
increasing or decreasing? Explain your reasoning.

(c) Attime t = 0 seconds, the height of the water is 5 feet. Use separation of variables to find an expression
for A in terms of ¢.

a)
r=1
V=7L'I’2h=ﬂh%d—V=7t@
dt dt
av_ (=1 ) zmdh
dt 10 10
dV| - 4=ift3/s
dt|, . 10 5

When the water is 4 feet deep, the volume of water in the barrel is decreasing at a rate of
7 /5 cubic feet per second.

b)
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d(dn) -1, 1 .dh -1 —h_ 1
—_— ] — =t — = = >O

de\ dt ) 10 2p dr 20 n 10 200

The rate of change of the height of water with respect to time is increasing.

c)

dh _—h

dt 10
1

-1 1
L dh="di— [
TR 7

wWh=Z+c>25=c

dh:jl_—oldt

—t t ’
x/Z=2—O+\/§—>h(t)=(\/§—2—0]
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Problem 5

1 .
> , where k is a constant.

Consider the family of functions f(x) =
x°—2x+k

(a) Find the value of k, for k > 0, such that the slope of the line tangent to the graph of f at x = 0 equals 6.
1
(b) For k = —8, find the value of j( ) ax

2
(c) For k = 1, find the value of I() f(x) dx or show that it diverges.

a)
1 2x-2
@)= )=
—2x+k (x2—2x+k)
fO= 6 3
3
b)
PR S S 1

X -2x-8 (x—4)(x+2) 6(x—4) 6(x+2)

1 1
ff(x)d __f((x 1) (x+2))dx=

x=1

1. [x-4 -In2
“In =
6 |x+2| 6
c)

1 1
f(x)= =

X =2x+l (x=1y

[ reoydx= [ f)ydx+ [ f(x)dx

x=b

dx = hm—1

1 b
. 1
dx =1lim
{f(x) o bel{(x_ =" x —1

=lim __1_‘_1 =lim ‘_1_1 =
=r\b-1 -1) bs=r\b-1

Therefore, the overall integral is also divergent.

x=0
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Problem 6

‘ / n f(n)(O)
3

T
o
3

o
W
|
2 |l

A function f has derivatives of all orders for all real numbers x. A portion of the graph of f is shown above,

along with the line tangent to the graph of f at x = 0. Selected derivatives of f at x = 0 are given in the table
above.

(a) Write the third-degree Taylor polynomial for f about x = 0.

(b) Write the first three nonzero terms of the Maclaurin series for e*. Write the second-degree Taylor
polynomial for e*f(x) about x = 0.

(c) Let h be the function defined by h(x) = I(; f(t) dt. Use the Taylor polynomial found in part (a) to find an

approximation for A(1).

(d) Itis known that the Maclaurin series for 4 converges to h(x) for all real numbers x. It is also known that
the individual terms of the series for k(1) alternate in sign and decrease in absolute value to 0. Use the

alternating series error bound to show that the approximation found in part (c) differs from h(1) by at
most 0.45.

a)

T,(x)= f(0)+ f'(0) x+ S ;('O) i 250) X’

T, (x)= 3—2x+§x2 +_—23x3
2 12
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b)
x2
e =l+x+—

Method 1: Multiply the Representations:

2

x x 3, =23,
e f(x)=|l+x+—+...[[3-2x+=x"+—x" |=
/) ( 2! )( 2 12

exf(x)=3—2x+%x2—...+3x—2x2—x3+...+%x2+%x3+...

e f(xX)=3+x+x"

Method 2: Compute the Coefficients
h(x)=e"f(x)—=h'(x)=e"(f(x)+ ['(x))
h(0)=¢e"f(0)=3
R(0)=€"(f(0)+f'(0))=3-2=1
h'(x)=e"(f(x)+2/'(x)+ [ "(x))
h"(0)=e"(f(0)+2f'(0)+ £"(0))=3+2(=2)+3=2
Tz(x)=3+x+2£!x2 =3+x+x°

c)

hx)= [ f(t)dr

kY 3 4

h(x)~ [ 3-24302 By |drasxox 4 L2

0 212 248
h1)=3-14+1-23_27
2 48 48

d)

(4) *1°
SO0 54O g

Error Bound =| next term |= = =
41%5 | 5%24 20






